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ABSTRACT 
This paper outlines a novel approximate solution for 

determining the pressure drop of laminar, single-phase flow in 
slowly-varying microchannels of arbitrary cross-section. The 
proposed analysis is general and applicable to symmetric and 
asymmetric microchannel cross-sections, as examples compact 
relationships are reported for elliptical and rectangular shapes 
for three common wall profiles  of linear, sinusoidal and 
hyperbolic. An experimental setup is designed and pressure 
drop measurements are conducted to validate the proposed 
model for streamwised periodic microchannels with rectangular 
cross-section and linear wall with a range of channel 
geometrical parameters such as aspect ratio and channel slope. 
The model is also compared against the numerical and 
experimental data of hyperbolic contraction with rectangular 
cross-section collected by others. It is observed that although 
the proposed model is based on the solution of the elliptical 
cross-section, it can accurately predict the pressure drop in 
microchannels of rectangular cross-section.  

 

NOMENCLATURE 
 

A = Cross-sectional area, mଶ 
a = Ellipse major axis/rectangle width, m 
aୡ = Minimum width of the hyperbolic contraction, 

m 
a୳ = Maximum width of the hyperbolic contraction, 

m 
b = Ellipse minor axis/rectangle height, m 
I୮ = Polar momentum of cross-sectional area, mସ 
I୮

כ  = Dimensionless polar momentum of inertia, - 
Re = Reynolds number, ρU଴√A/µ 

 
 

R୤ = Flow resistance, ∆p/Q 
R୤,଴ = Flow resistance of a reference straight channel, 

pa. s/mଷ 
U଴ = Reference average velocity, Q/A଴ 

GREEK 

ε = Perturbation parameter, ඥA଴/λ 
λ = Channel length, m 
ξ = Deviation parameter, δ/a଴ 
 

1. INTRODUCTION 
Recently, a noticeable trend in the use of microfluidic and 

lab-on-chip devices; applications include analysis of DNA and 
proteins [1], sorting of cells [2,3], high-throughput screening 
[4], chemical reactions [5], and transfer of small volumes (1 to 
100 nL) of materials [6]; motivated new research questions in 
fluid dynamic at small scales. Particularly active research areas 
are micromixer design [7-17], accelerated particle 
electrophoresis [18, 19], heat transfer augmentation in micro 
heat sinks [20-22], flow through porous media [23-26], blood 
flow in the context of biomechanics [27], temperature gradient 
focusing [28, 29] in analytical chemistry, and polymer 
processing [30, 31].  

There are several studies in the literature that focused on 
finding the pressure drop and velocity distribution in channels 
with varying cross-section. The previous investigations can be 
divided into three categories: (i) analytical methods [32-38]; (ii) 
numerical methods [20, 39, 40]; and (iii) experimental studies 
[30,31, 41, 42]. The available solutions give velocity 
distribution in an axisymmetric geometries (i.e. circular cross-
section) or parallel wavy plate.  

Various solutions exist for low Reynolds number flow of a 
Newtonian fluid through axisymmetric constricted tubes or two 
dimensional symmetric constricted channels [32-38]. A simple 
model is to approximate the flow by assuming that the fluid 
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flow resembles the fully developed flow at each axial location 
along the channel; this is usually referred to as the ‘‘lubrication 
approximation’’ [43]. The overall pressure drop is then 
calculated by integrating the locally Poiseuille equation over 
the length of the channel. Although good results can be 
obtained for creeping flow in mildly constricted channels, this 
method is not very accurate when the inertia effects become 
important or the amplitude of the constriction is substantial. In 
order to bypass the full analysis of this problem, “asymptotic 
series solution” is used by many authors for sinusoidal tubes 
[32, 36], two-dimensional channels with sinusoidal walls [35], 
and elliptical cross-section channels [34]. In this method, the 
solution of the Navier-Stokes equations id obtained by 
expanding the flow variables in powers of a small parameter 
characterizing the slowly varying character of the bounding 
walls; usually referred as “perturbation parameter”. Although 
the asymptotic solution method gives more accurate results 
compared to the lubrication approximation, finding a solution 
for flows in arbitrary three-dimensional channels is highly 
unlikely. Numerical methods are usually used for different 
channels cross-sections [31, 39, and 40] which gives good 
agreement with experimental data even beyond the critical 
Reynolds number for the onset of flow recirculation. However, 
the drawback is that much computational time is required, 
which is not suitable when a large number of channels are 
being investigated.  

As a result of recent advances in microfabrication 
techniques, microchannels with different cross sectional 
geometries are fabricated for both commercial and scientific 
purposes. Finding analytical solutions for many practical cross-
sections, such as rectangular or trapezoidal microchannels, is 
complex and/or impossible. In many engineering applications 
such as basic design and optimization, it is often required to 
obtain the trends and a reasonable estimate of the pressure drop. 
Bahrami et al. [45] developed a general model for prediction of 
pressure drop in microchannels of arbitrary cross section. Using 
the analytical solution of elliptical duct and the concept of 
Saint-Venant principle in torsion [46], they showed that the 
Poiseuille number, f Re [45], is a function of the polar moment 
of inertia, area, and perimeter of the cross section of the 
channel. Their model showed good agreement with 
experimental and numerical data for a wide variety of cross 
sections such as rectangular, trapezoidal, triangular, circular, 
and moon shaped. The model of Bahrami et al., however, is 
restricted to straight channels.  As a result, the major focus of 
this paper is to extend the model of Bahrami et al. [45] to the 
slowly-varying microchannels of arbitrary cross-sections and 
propose an accurate approximate method that can predict the 
pressure drop for slowly-varying microchannels of arbitrary 
cross-section. Another purpose of this work is to present 
compact solutions that can predict the pressure loss along the 
slowly varying microchannels of various cross-sections for very 
low and moderate Reynolds numbers.   

This paper is organized as follows: Sec. 2 is dedicated to 
the problem statement and governing equations. In Sec. 3, 
under the assumption of slowly varying cross-section, a general 

approach for determining the pressure drop in microchannels of 
arbitrary cross-section is proposed; lubrication approximation 
and inertia effects are also discussed. The present method is 
applicable to all channel types; as examples in Sec. 4 compact 
models are reported for elliptical and rectangular cross-sections 
for three common wall shapes. In Sec.5, sample preparation, 
experimental setup, and test procedure are explained .The 
comparison between experimental data and the present model 
along with the results and discussion are presented in Sec. 6. 
Section 7 is the summary and conclusion.   

2.PROBLEM STATEMENT 
 Figure 1 schematically shows a slowly-varying 

microchannel of arbitrary cross-section with the length of  ߣ, 
where the Reynolds number is low to moderate. The equations 
of motion and mass conservation for steady-state flow of a 
Newtonian fluid with constant properties in Cartesian co-
ordinates (ݔߣ, ,ݕܮ  are (ݖܮ

  
.ߘ  ݑ ൌ 0 (1)

.ݑሺߝܴ݁  ݑሻߘ ൌ െ
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߲ଶݓ
ଶݖ߲ ቉ (4) 

 
with no-slip boundary condition on the channel wall. In Eqs. 
ߝ ,is a characteristic length scale ܮ ,(4)-(1) ൌ  is the ߣ/ܮ
perturbation parameter, ܴ݁ ൌ ܷ଴ ߥ/ܮ is the Reynolds number 
and ܷ଴  is a scale for the axial velocity component. The velocity 
field ࢛ is scaled such that each dimensionless component is 
ܱሺ1ሻ and is taken to be 
 
 ෝ࢛ ൌ ܷ଴ሺݑ, ,ݒߝ  ሻ (5)ݓߝ

and pressure is nondimensionalized as follows 
 

 
̂݌ ൌ ቆ

଴ܷߩ
ଶ

ቇܴ݁ߝ  (6) ݌

The solution to in Eqs (1)-(4) is in the form a power series 
of ε, on the assumption that ߝ ا 1 

 
 

࢛ ൌ ෍ ࢏௜࢛ߝ

ஶ

૙

 (7) 

Using a similar expression for pressure, ݌, substituting into 
the governing equations, Eqs. (1)-(4), and applying the 
boundary conditions, ݑ௜ and ݌௜ can be determined. The above 
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mentioned procedure is general and does not depend on the 
geometry of the microchannel. 

 

Figure 1. Schematic of a slowly varying microchannel with 
arbitrary wall shape of ࢌሺ࢞ሻ. ࡭૙ is the cross-sectional area of a 
reference straight channel with the same cross-sectional shape.  
 .ሺ࢞ሻ is the channel cross-section at each axial location࡭

3.MODEL DEVELOPMENT 

The proposed model is based on the analytical solution of 
the elliptical channel, not because it is likely to occur in 
practice, but rather to utilize the unique geometrical property of 
its pressure and velocity solutions. For an elliptical cross-
section in the dimensionless Cartesian co-ordinate, pressure 
gradient up to the first order can be obtained from the equations 
of motion (i.e. Eqs. (2)-(4)) as follows [30] 

 
   

൬െ
݌݀
൰ݔ݀ ൌ

ଶሺܽଶߨ4 ൅ ܾଶሻ
ଷᇣᇧᇧᇧᇤᇧᇧᇧᇥܣ

௙௥௜௖௧௜௢௡௔௟ ௘௙௙௘௖௧

െ ܴ݁ߝ2 ቆ
Ԣܣ
ଷቇܣ

ᇣᇧᇧᇤᇧᇧᇥ
௜௡௘௥௧௜௔ ௘௙௙௘௖௧

 (8) 

where ܣሺݔሻ is the local cross-sectional area, ܽሺݔሻ and ܾሺݔሻ are 
the major and minor axes of the elliptical cross-section along 
the x-direction, respectively. The prime denotes the rate of 
change along the flow direction, e.g. ܣԢ ൌ ܣ݀ ⁄  Channel .ݔ݀
aspect ratio at each axial location is defined as the ratio of the 
minor to major axes, i.e. ߛሺݔሻ ൌ ܾሺݔሻ/ܽሺݔሻ, which can vary 
between 0 to 1. 

3.1 LUBRICATION APPROXIMATION, ઽ܍܀ ا ૚ 
In Eq. (8) the momentum term, i.e. second term, can be 
neglected if εRe ا 1. This yields the "lubrication 
approximation" [43].  The first term in Eq. (8) resembles the 
fully developed laminar flow in a straight microchannel of 
elliptical cross-section and accounts for the frictional effect on 
the pressure drop. For laminar fully-developed flow in a 
straight microchannel, it can be shown [44,45]  that selection of 
the channel square root of cross-sectional area, √A, rather than 
the hydraulic diameter, D୦, leads to similar trends in Poiseuille 
number for microchannels with a wide variety of cross sections. 
Therefore, in this study, the square root of a reference straight 

microchannel cross-sectional area, ࣦ ൌ ඥܣ଴, is selected 
consistently as the length scale throughout the analysis. Using 
the model of Bahrami et al. [45] at each axial location, 
frictional pressure gradient, ሺെ݀ݔ݀/݌ሻ௙, can be written as 
follows  

 
   

൬െ
݌݀
൰ݔ݀

௙
ൌ ܳߤଶߨ16

௣ܫ
כ

 መଶ (9)ܣ

where ܳ is the flow rate, ܣመሺݔሻ is the dimensional cross-
sectional area,  ܫ௣

ሻݔሺכ ൌ  መଶ is the specific polar momentumܣ/௣ܫ
of inertia [45], and ܫ௣ሺݔሻ ൌ ׬ ሺݕଶ ൅ ஺ሺ௫ሻܣଶሻ݀ݖ  is the polar 
momentum of cross-sectional area about its center of geometry. 
The proposed model postulates that for constant fluid properties 
and flow rate, the frictional pressure gradient in a slowly-
varying cross-section microchannel is only a function of 
general cross-sectional parameters, i.e. ܫ௣

 ሻ. It canݔሺܣ ሻ andݔሺכ
be shown that for channels with similar cross-sectional area and 
polar moment of inertia, the pressure gradient obtained from 
Eq. (9) is a weak function of cross-sectional geometrical 
details, i.e. corners.   

3.2 INERTIA EFFECTS, ઽ۽~܍܀ሺ૚ሻ 
For moderate Reynolds numbers or when ܴ݁ߝ becomes in 

the order of ܱሺ1ሻ, the second term in Eq. (8) becomes 
significant and affects the total pressure drop.  This term 
corresponds to the effect of the fluid momentum change along 
the channel and directly depends on the variation of cross-
sectional area (i.e. ܣԢ). For a constricted microchannel (i.e. 
nozzles ܣᇱ ൏ 0), the pressure gradient increases with the 
Reynolds number and ߝ but for an expansion microchannel, 
(i.e. diffusers ܣᇱ ൏ 0), pressure gradient decreases with the 
Reynolds number and ߝ. It can be shown that the pressure loss 
due to the variation of cross-sectional area, ∆̂݌௜௡௘௥, is only a 
function of channel inlet and outlet area and does not depend on 
the wall shape  

  
   

௜௡௘௥̂݌∆ ൌ ܴ݁ߝߣߤ ቆ
1

መ௢ܣ
ଶ െ

1
መ௜ܣ

ଶቇ (10) 

where ܣመ௜ and  ܣመ௢ are the channel inlet and outlet cross-
sectional area, respectively. Equation (10) clearly shows that for 
መ௜ܣ ൐  ௜௡௘௥ is positive and the inertia effect̂݌∆  መ௢, the value ofܣ
acts in favor of the frictional loss. In contrast, for ܣመ௜ ൏  መ௢, theܣ
value of  ∆̂݌௜௡௘௥ is negative and inertia effect acts against the 
frictional loss. For ܣመ௜ ൌ  መ௢, which occurs in stramwisedܣ
periodic geometries, such as sinusoidal walls, the inertia effect 
is zero.  
It is beneficial to compare the variation in the pressure loss in a 
slowly-varying cross-sectional microchannel with that of a 
reference straight channel with the same cross-sectional shape. 
This comparison shows the amount of increase in the pressure 
drop as a result of the deviation from a straight channel. 

flow

f(x)

λ

x

y

z

A0

reference channel

A(x)
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Defining flow resistance, R୤ ൌ ∆pො/Q, with electrical analogy in 
mind, one can compute the dimensionless flow resistance  

௙ܴ
כ ൌ ௙ܴ/ ௙ܴ,଴ as follows 

 
 

   
௙ܴ
כ ൌ න ቈ

௣ܫ
ሻݔሺכ
௣,଴ܫ

כ ቉
௫మ

௫భ

ݔ݀
ሻଶݔሺܣ ൅

ܴ݁ߝ
௣,଴ܫଶߨ16

כ ቆ
1

௢ܣ
ଶ െ

1
௜ܣ

ଶቇ (11) 

where ௙ܴ,଴ ൌ ௣,଴ܫߣߤଶߨ16
כ ଴ܣ/

ଶ is the flow resistance of the 
reference straight channel with the cross-sectional area of ܣ଴ 
and the specific polar momentum of inertia of ܫ௣,଴

כ . Note that, 
Eq. (11) can be employed for the calculation of pressure drop in 
any cross-sectional shape including circle, rectangle, trapezoid, 
polygon, square, and triangle. Employing Eq. (10), pressure 
resistance of a microchannel with slowly-varying cross-
sectional area can be obtained only by computing the general 
geometrical parameters and the Reynolds number. On the other 
hand, using the conventional perturbation technique, velocity 
distribution must be determined in order to calculate the flow 
resistance of a channel. For most cross-sections, a closed form 
of the leading axial velocity terms (i.e. ݑ଴, ,ଵݑ …) is not 
available and calculating one may not be possible. This clearly 
shows the convenience of the proposed general approximate 
model in Eq. (11). In the following section, compact models are 
developed for elliptical and rectangular cross-sections and 
models are compared with available data in the literature and 
the experimental results of present work. 

4. COMPACT MODELS 

The general approximate technique introduced in the 
previous section is implemented and compact relationships are 
reported for: i) dimensionless flow resistance of elliptical cross-
sections with constant aspect ratio, ߛሺݔሻ ൌ .ݐݏ݊݋ܿ ൌ  (଴ and iiߛ
planar channels with rectangular cross-section ( constant 
height) for three typical wall shapes of linear, sinusoidal and 
hyperbolic in Table 1,. Definitions of the wall profile functions 
are listed in Table 2. We studied elliptical cross-sections, since 
they are usually considered in modeling transport processes in 
porous media [40], furrowed membranes, artificial lung [47], 
and arterial prostheses [48]. In the case of flow through porous 
media, since the total pore can be represented by a network of 
tubes [49], the concept of flow resistance (or inversely flow 
conductance) is used to determine the pressure drop and 
permeability of the porous media [49]. Planar geometries with 
rectangular cross-section can be found in many microfluidics 
applications such as micromixers [7], accelerate particle 
electrophoretic separation [18, 19], pre-concentration and 
separation temperature gradient focusing technique [28, 29]. 
The hyperbolic geometry is usually used in polymer processing 
[30, 31].  

For the elliptical cross-section, the aspect ratio, ߛ଴ ൌ
ܾሺݔሻ/ܽሺݔሻ is kept constant. Here, ܽሺݔሻ and ܾሺݔሻ are the major 
and minor axes, respectively. The new parameter, ξ ൌ δ/a଴ is 
called the “deviation parameter” where δ is the difference 

between average and maximum value of the major axis and a଴ 
is the average of the major axis. Note that, the flow resistance 
of an axisymmetric geometry (i.e. circular cross-section) can be 
obtained by letting ߛ଴ ൌ 1.  For the planar geometry with 
rectangular cross-section, channel height is kept constant, i.e. 
ܾ ൌ ଴ߛ and the mean aspect ratio is defined as ,.ݐݏ݊݋ܿ ൌ ܾ/ܽ଴  
where ܽ଴ is the average width of the microchannel. Since the 
inertia term is canceled in periodic geometries, Eq. (11) yields 
the lubrication solution, Eq. (9), and the dimensionless flow 
resistance becomes independent of the aspect ratio and the 
Reynolds number. For both linear and sinusoidal walls, at the 
limiting case when ξ ՜ 0,  the flow resistance yields the 
solution of straight channel, thus ௙ܴ

כ ՜ 1. Another limiting case 
is when the deviation parameter, ߦ, approaches one. For such 
condition the flow is blocked and the dimensionless flow 
resistance increases rapidly and approached to infinity.  

5. EXPERIMENTAL SETUP 
Chemicals and Materials: Distilled water was used as the 

testing liquid. SU-8 photoresist (Microchem, Newton, MA) and 
diacetone-alcohol developer solution (Sigma-Aldrich, St. 
Louis, MO) were used in the making of the positive relief 
masters by the procedure outlined below. Polydimethylsiloxane 
(PDMS) casts were prepared by thoroughly mixing the base 
and curing agent at a 10:1 ratio as per the manufacturer’s 
instructions for the Sylgard 184 silicon elastomer kit (Dow 
Corning, Midland, MI).  

 
 

Table 1. Geometrical parameters for different channel cross-
sections.
Cross-section 

geometry 
wall shape compact model, ௙ܴ

 כ

ellipse 
(constant 

aspect ratio) 
 

streamwise 
linear 

3 ൅ ଶߦ

3ሺ1 െ  ଶሻଷߦ

sinusoidal 
2 ൅ ଶߦ3

2ሺ1 െ  ଶሻ଻/ଶߦ

hyperbolic ௙ܴ௥௜௖
כ ൅ ܴ௜௡௘௥

כ ሾ†ሿ 

rectangle 
(planar) 

streamwise 
linear 

଴ߛߦ2
ଶ ൅ ሺ1 െ ଶሻଶlnߦ ൬1 ൅ ξ

1 െ ξ൰

ሺ1ߦ2 െ ଶሻଶሺ1ߦ ൅ ଴ߛ
ଶሻ  

sinusoidal 
2ሺ1 െ ଶሻଶߦ ൅ ሺ2 ൅ ଴ߛଶሻߦ

ଶ

2ሺ1 െ ଶሻହ/ଶሺ1ߦ ൅ ଴ߛ
ଶሻ  

hyperbolic 
௙ܴ௥௜௖
כ ൅ ܴ௜௡௘௥

כ ሾ††ሿ 

[†] ௙ܴ௥௜௖
כ ൌ ൫ଵାఉାఉమାఉయାఉర൯ሺ௟௡ఉሻర

ହሺఉିଵሻర  ܽ݊݀  ܴ௜௡௘௥
כ ൌ ଷோ௘ఌሺఉାଵሻఊబሺ௟௡ఉሻర

ସగమሺఉିଵሻయ൫ଵାఊబ
మ൯

 

[††] ௙ܴ௥௜௖
כ ൌ ൣଶሺఉିଵሻమା൫ఉమାଵ൯ሺఊబ௟௡ఉሻమ൧ሺఉାଵሻ௟௡ఉ

ସሺఉିଵሻమ൫ଵାఊబ
మ൯

 ܽ݊݀  ܴ௜௡௘௥
כ ൌ ଷோ௘ఌሺఉାଵሻఊబሺ௟௡ఉሻమ

ସగమሺఉିଵሻ൫ଵାఊబ
మ൯
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Table 2. Definition of different wall functions. 
wall shape function 

 
 

ܽሺݔሻ ൌ ܽ଴ െ ߜ4 ൬ݔ ൅
1
4

൰ ;    െ
1
2

൏ ݔ ൏ 0

ܽሺݔሻ ൌ ܽ଴ ൅ ߜ4 ൬ݔ െ
1
4

൰ ;      0 ൏ ݔ ൏
1
2

 

 

ܽሺݔሻ ൌ ܽ଴ െ ߜ cosሺ2ݔߨሻ ;     െ
1
2

൏ ݔ ൏
1
2
 

 

ܽሺݔሻ ൌ
ܽ௨

1 ൅ ሺߚ െ 1ሻݔ  

 

ߚ ൌ ௔ೠ

௔೎
,   ܽ଴ ൌ ׬ ܽሺݔሻ݀ݔଵ/ଶ

ିଵ/ଶ  

 
Microfabrication: The PDMS/PDMS straight and 

converging-diverging microchannels were manufactured using 
the soft lithography technique [50] described in our previous 
work [51]. Slowly varying cross-sectional microchannel 
samples were fabricated and tested for the range of ξ ൌ δ/a଴ ൌ
0.09 െ 0.53 and ߝ ൌ ඥܣ଴/ߣ ൏ 0.1. Each microchannel 
contained ten converging-diverging modules with linearly 
varying wall. Figure 2 shows a labeled photograph of one of the 
converging-diverging microchannels on a PDMS, ߦ ൌ 0.42 and 
଴ߛ ൌ 0.32. The insert is a magnified view of the converging-
diverging section under a microscope. Dimensions of the 
channel were measured by an image processing method; an 
inverted microscope (Unitron, Commack, NY) equipped with 
5X, 0.12 N.A. and 10X, 0.4 N.A. objectives and a CCD camera 
was used. The low magnification objective was used to measure 
the length of each module. Images of the channels were taken 
at three different random locations and then imported in an 
image processing software (Scopephoto 3.0) in which each 
pixel was calibrated with an optical ruler (Edmund optics, 
Barrington, NJ) to measure in-plane geometrical parameters. 
For each microchannel average values are reported. Through 
changing the microscope focus, it has been observed that 
although the channels have somewhat trapezoidal cross-
sections, they still can be considered as rectangular with 
acceptable accuracy. Using the image processing technique 
described above, the roughness of the channels was estimated 

to be less than the accuracy of the image processing method. 
Thus the roughness effect is neglected in the present study. 

 
 

Figure 2. Photograph of a typical converging-diverging 
microchannel (ࣈ ൌ ૙. ૝) fabricated on a PDMS/PDMS assembly. The 
inset is a magnified view of one module of converging-diverging 
section under the microscope. The channel was filled with 
Rhodamine B for a clear demonstration.  

 
 Depth measurement: It has been demonstrated that the 

conventional theory for flow and pressure drop theory can be 
used in the micro scale [51-57]. Thus, exact solution for the 
pressure drop within a straight microchannel of rectangular 
cross-section was used to determine the microchannel depth. In 
the absence of the viscous dissipation, streaming potential 
effects, the bulging of the flexible PDMS material, and the flow 
resistance for fully developed flow in a microchannel with 
rectangular cross-section can be obtained accurately from the 
following relationship [51] 

 
   

Δ݌ ൌ
ܳߣߤ3
4෠ܾ ොܽ ଷ ൦1 െ

192 ොܽ 
ହߨ ෠ܾ ෍

݄݊ܽݐ ൬݊ߨ ෠ܾ
2 ොܽ ൰

݊ହ

ஶ

௡ୀଵ,ଷ,ହ,..

൪

ିଵ

 (12)

where aො and b෠ are the semi-major and semi-minor axes of the 
cross-section, respectively. Note that the series solution of Eq. 
(12) converges rapidly. A quick calculation shows that using 
only the first term of the series predicts the pressure drop within 
the 99% of the exact solution for the range of 0 ൑ γ ൌ b෠/aො ൑
1. Using Eq. (12) and measuring the pressure drop for a range 
of flow rate, 30µL/min െ 100µL/min (the corresponding 
Reynolds number is in the range of 2-15) depth of the 
converging-diverging channels was determined. In order to 
ensure that the final straight channel has the same depth as the 
corresponding converging-diverging channels, both straight and 
converging-diverging patterns were placed on the same master 
with the distance of 5 mm from each other. Table 3 summarizes 
the geometrical parameters of the present experimental work. 
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Figure 3. Schematic of the test section. 
 
Pressure measurement: An open loop constant flow rate 

system, shown in Figure 3, was used for this work. A syringe 
pump (Harvard Apparatus, QC, Canada) provided constant flow 
rates with േ0.5% accuracy. A range of Reynolds numbers 
from 2 െ 15 was covered by changing the volumetric flow rate 
from 30µL/min െ 100µL/min. Distilled water was forced to 
flow through a 0.2 micron filter (Aktreingeselchaf Co., 
Germany) before entering the channel. To measure the pressure 
drop, a gauge pressure transducer (Omega Inc., Laval, QC, 
Canada) with the accuracy of േ27 pa ሺേ0.004 psiሻ was 
installed at the channel inlet while the channel outlet was 
opened to the atmosphere. Measured pressure was then 
monitored and recorded with a data acquisition system 
(LABVIEW 8.5, National Instruments, USA). The flow was 
considered to have reached a steady state condition when the 
readings of the pressure drop did not change with time. For a 
given channel, the measurement of pressure drop was repeated 
three times for each flow rate to ensure the reproducibility of 
the results. An arithmetic averaging method [52] was performed 
to determine the final results. Maximum difference between the 
averaged and the actual values was observed to be less than 
1.5%. Because of the low Reynolds number, pressure drop due 
to developing length and minor losses can effectively be 
neglected [51]. It is also assumed that the viscous heating and 
channel bulging effects are negligible (see Ref. [51]). 

 
Table 3. Experimental parameters in present work.  

Parameter Value  
ොܽ௠௔௫ 360 ݉ߤ െ  ݉ߤ 433
ොܽ௠௜௡ 133 ݉ߤ െ  ݉ߤ 352

෠ܾ 36 ݉ߤ െ  ݉ߤ 94

ටܣመ଴ 118 ݉ߤ െ  ݉ߤ 163

 መ 3݉݉ߣ
 ଴ߛ 0.092 െ 0.25 
݊݅݉/݈ߤ30 ܳ െ  ݊݅݉/݈ߤ100

 ݌∆ ܽ݌݇ 0.85 െ  ܽ݌݇ 24.13

6. RESULTS AND DISCUSSION 

6.1 MODEL VERIFICATION 
As we are primarily interested in the estimation of the of 

the pressure drop in channels, present study places emphasis on 
the flow resistance than on the detailed structure of the flow 
itself. Comparison between the experimental data collected in 
present work and the analytical models for converging-
diverging microchannels with linearly varying cross-section are 
presented in Figures 4 and 5. As expected, since the geometry 
of the channels is periodic, inertia effects due to acceleration 
and deceleration of the flow are cancelling each other and the 
flow resistance becomes independent of the Reynolds number 
(see Figure 4). Therefore, for each sample the average value of 
the dimensionless flow resistance, R୤

 is taken over the range of ,כ
Reynolds number and plotted against the values of predicted 
from Eq. (28)  in Figure 7. Good agreement between 
experimental and analytical compact model can be observed 
with the difference of less than േ5%.  

We now compare the results given by present analysis to 
experimental and numerical data obtained by Oliviera et al. 
[31] for total pressure drop across a microfluidic rheometric 
device with application in polymer processing. They [31] 
measured the pressure drop along a hyperbolic contraction 
device of rectangular cross-section to evaluate the resistance to 
the rate of elongation. The geometrical parameters and the flow 
condition used in their experiment are summarized in Table 4. 
The improvement offered by the inertia term is obvious in 
Figure 6, as considering only frictional term substantially 
underestimates the pressure drop.  It can be seen that, most of 
the data points fall within ±5% of the compact model proposed 
in Table 1. Due to the sudden expansion of the flow attentively 
designed by Oliviera et al. [31] to reduce the overall pressure 
drop, both numerical and experimental data slightly fall below 
the compact model at higher Reynolds numbers. The linear 
variation of the dimensionless flow resistance with the 
Reynolds number in the experimental and numerical data 
supports our analytical model, Eq. (11), in which for constant 
geometrical parameters, ௙ܴ

 is proportional to the Reynolds כ
number.  

6.2. PARAMETRIC STUDY 
A parametric study is performed to investigate the effects 

of relevant geometrical parameters such as aspect ratio and 
deviation parameter on the pressure field along a sinusoidal 
channel as an example. Inertia effect on the dimensionless 
pressure gradient along a sinusoidal tube of elliptical cross-
section is investigated for a range of Reynolds number of 
ܴ݁ ൌ 0 െ 100. Variation of dimensionless pressure gradient 
along a sinusoidal capillary of elliptical cross-section is shown 
in Figure 7 for three typical deviation parameters of ξ ൌ
0.1, 0.3, and 0.5 and two Reynolds numbers of 0.1 and 100. 
The aspect ratio ߛ଴ ൌ ܾሺݔሻ/ܽሺݔሻ and ߝ ൌ ඥܣ଴/ߣ are 
considered to remain constant along the flow direction holding 

syringe pump

microfilter

DAQ

PC

microchannel

Pressure transducer
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typical values of γ଴ ൌ 0.5 and ߝ ൌ 0.1, respectively. The 
pressure gradient in Figure 7 suggests that most of the pressure 
loss occurs within the throat region.  The peak in the pressure 
gradient occurs at the throat ݔ ൌ 0 for low Reynolds number 
(Re ൌ 0.1ሻ while by increasing the Reynolds number ሺRe ൌ
100ሻ, the effect of inertia becomes more significant yielding 
negative pressure gradient and the shift of the peak in the 
pressure gradient to the converging section. The negative 
pressure gradient in the throat region of the diverging section 
for the high Reynolds number ሺRe ൌ 100ሻ confirms the 
existence of reverse flow. Our analysis shows that there is no 
evidence of flow reversal for Reynolds numbers lower than 10. 
The pressure gradient distribution shown in Figure 7 also 
suggests that for large deviation parameters, reverse flow 
occurs at lower Reynolds numbers 

 

Figure 4. Dimensionless flow resistance as a function of Reynolds 
number for three different converging-diverging microchannels 
with linearly varying cross-section. Perturbation parameter, 
ઽ ൌ ඥۯ૙/ૃ, was always maintained to be less than 0.1. Lines 
correspond to the analytical model given in Table 2. Circular 
symbol (●), delta symbol (▲), and square symbol (■) show the 
experimental results for three different samples of sample #1, 
sample #2, and sample #3, respectively. 

 
Figure 8 shows the effect of aspect ratio on the 

dimensionless pressure gradient along the flow direction for an 
elliptical cross-section. Sinusoidal wall is considered while the 
deviation parameter and Reynolds number were kept constant 
(typical values of ξ ൌ 0.3 and Re ൌ 100). The value of the 
aspect ratio varies from 0.2 to 1. Pressure gradient is observed 
to be generally higher for smaller aspect ratios and becomes 
independent of aspect ratio when γ଴ ՜ 1. The results shown in 
Figure 8, suggest that flow reversal (which can be used for heat 
or mass transfer augmentation in micro heat exchangers or 
micromixers) can be generated by increasing the aspect ratio. 

 
 

 

Figure 5. Comparison between experimental data and compact 
analytical model of Eq. (28) for different converging-diverging 
microchannels of linearly varying cross-section. Perturbation 
parameter, ࢿ ൌ ඥ࡭૙/ࣅ, was always maintained to be less than 0.1. 
Each data point corresponds to the average value of the 
dimensionless flow resistance over the Reynolds number range of 
2-15 for each microchannel.   

. An independent experimental investigation is also 
designed and performed for planar periodic microchannels of 
rectangular cross-section with linear wall profile. The models 
successfully predict the pressure drop for the collected data 
within േ5% relative difference range. The experimental data 
shows that for a periodic geometry, in which the inlet and outlet 
cross-sectional areas are equal, the inertia effects can 
reasonably be neglected, as predicted by present analysis. 
However, for a non-equal inlet and outlet cross-sectional area, 
considering the frictional effect underestimates the numerical 
and experimental data.  

Our parametric study for a typical sinusoidal wall shows 
that most of the pressure loss occurs within the throat region. 
For very low Reynolds number, maximum pressure gradient 
occurs exactly at the throat while increasing the Reynolds 
number leads to the flow reversal in the expansion section and 
shifting the peak in the pressure gradient to the contraction 
section. Results also show that the deviation parameter has 
significant effect on the magnitude of the pressure gradient and 
occurrence of the flow reversal. For larger values of the 
deviation parameter, the flow reversal occurs at lower Reynolds 
numbers.  Pressure gradient is observed to be generally higher 
for smaller aspect ratios and becomes independent of aspect 
ratio when the channel cross-section approaches to the circular 
cross-section.  
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Figure 6. Comparison of theoretical models to experimental and 
numerical results from Oliviera et al. [31]. The solid line 
corresponds to the prediction given in Table 2 and the dashed line 
correspond to the prediction given by the lubrication 
approximation, i.e. ࢉ࢏࢘ࢌࡾ

כ . The delta (∆) and circular (○) symbols 
correspond to the experimental and numerical data from Oliviera et 
al. [31], respectively with ࢼ ൌ ࢉෝࢇ/ෝ࢛ࢇ ൌ ૛૙, ࢽ૙ ൌ ෝ૙ࢇ/෡࢈ ൌ ૙. ૠ૜, 
ෝ࢛ࢇ ൌ ૝૙૙ ࢓ࣆ, and ࣅ෠ ൌ ૜ૡ૛ ࢓ࣆ. The value of the perturbation 
parameter is ࢿ ൌ ඥ࡭෡૙/ࣅ෠ ൌ ૙. ૚૝.  

 
 

Table 4. Geometrical and flow conditions used by 
Oliviera et al. [31]. 

Parameter Value  
ොܽ௨ 400 ݉ߤ 
ොܽ௖ 19.9 ݉ߤ 
෠ܾ 46 ݉ߤ 

ටܣመ଴ 54 ݉ߤ 

 ݉ߤ መ 238ߣ
 ଴ߛ 0.73 
ݎ݄/0.4݈݉ ܳ െ  ݎ݄/݈݉ 10

 ݌∆ ܽ݌݇ 2.18 െ  ܽ݌݇ 16.97

7. SUMMARY AND CONCLUSION 
The pressure drop of single phase flow in slowly-varying 

channels of arbitrary cross-section is investigated in this study. 
Using the square root of cross-sectional area, √A, which is 
shown to be superior to the conventional hydraulic diameter 
[44, 45], and the asymptotic series solution for the flow through 
a slowly-varying tube of elliptical cross-section [34], a general 
model for the prediction of pressure drop within a slowly-
varying channel of arbitrary cross-section is proposed. Present 
analysis shows that the inertia effect on the pressure drop can 

be neglected when ߝRe ا 1 or for streamwised geometries. 
Compact relationships are proposed for common channel 
geometries including (i) tubes of elliptical cross-section with 
constant aspect ratio and (ii) planar channels with rectangular 
cross-section. As examples, three typical wall shapes of linear, 
sinusoidal, and hyperbolic are studied in this work. The 
relationships are compared with the numerical and 
experimental data collected from the literature.  

 

 
(a) 
 

(b) 
Figure 7. Inertia effect on the pressure gradient along the flow 
direction for typical values of ࢿ ൌ ඥ࡭૙/ࣅ  and ࢽ૙ ൌ ૙. ૞  and (a) 
ࢋࡾ ൌ ૙. ૚ and (b) ࢋࡾ ൌ ૚૙૙.  The vertical axis is the dimensionless 
pressure gradient which can be converted into dimensional 
pressure gradient through Eq. (6). 
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Figure 8. Effect of the aspect ratio on the pressure gradient along 
the flow direction for a typical deviation parameter of ࣈ ൌ ૙. ૜ and 
when inertia plays an important role (ࢋࡾ ൌ ૚૙૙).   
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